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Application of the Variational Iteration Method for Determining
the Temperature in the Heterogeneous Casting-Mould System
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Abstract - In this paper an application of the variational iteration method for determining the
temperature in the heterogeneous casting-mould system is presented. Considered problem is
modeled by means of the system of two heat conduction equations — for the casting and for the
mould, on the contact surface of which the boundary condition of the fourth kind with non-zero
thermal resistance is defined. An example illustrating the discussed application and confirming
usefulness of this method in solving such kind of problems is also presented. Copyright © 2012

Praise Worthy Prize S.r.1. - All rights reserved.
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Nomenclature

Roman symbols

D,  Region of casting

D,  Region of mould

Thermal conductivity [W/mk]
Linear operator

Nonlinear operator

Thermal resistance [m?k/W]
Time [s]

Temperature in region D, [K]
Restricted variation
Temperature in region D, [K]
Spatial location [m]

R ™LA

Greek

a;  Thermal diffusivity [m%s]

I Components of boundary

A General Lagrange multiplier

l. Introduction

The variational iteration method was developed by Ji-
Huan He [1]-[5]. By using this method we are able to
solve the nonlinear equation:

L(u(®) + N@®) = f(®) 1)

where L denotes the linear operator, N is the nonlinear

operator, f refers to a known function and u is a sought
function. At first, we construct a correction functional of
the form:

un(t) = un—l(t) +

+ f A(5) (L(tn-1(9)) + N(fin1 () = £(5)) s

0

)
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where i, , is arestricted variation, A(s) denotes

a general Lagrange multiplier which can be identified

optimally by the variational theory and u,(s) is an initial

approximation. Next, we determine the general Lagrange

multiplier and identify it as a function of 1 = A(s).
Finally, we obtain the iteration formula

un(t) = un—l(t) +

+ f A(s) (L(un_l(s)) + N(up_y(s)) - f(s)) as ©

from which an approximate solution (and frequently an
exact solution as well) of Eq. (1) may be derived.

Variational iteration method is a useful and efficient
tool for solving awide class of nonlinear operator
equations. For example, there are available publications
describing application of this method for investigating
mathematical models appearing in biology [6] and
astrophysics [7]. The use of discussed method to direct
and inverse Stefan problems is considered in papers [8]-
[11]. In [12] the variational iteration method is applied
for finding the solution of Laplace equation, in [13],[14]
for solving the heat transfer equation and wave equation,
in [15] for determining the solution of hyperbolic
differential equations and in [16] for solving the systems
of partial differential equations. Variational iteration
method is also applied for finding the solution of
fractional equation [17],[18] (for solving equations of
that kind the heat-balance integral method is often used
as well [19]-[21]). Convergence of the variational
iteration method is discussed in papers [22]-[26].

In this paper and application of variational iteration
method for determining the temperature distribution in
the heterogeneous casting-mould system, on the contact
surface of which the thermal resistance appears, is
presented. Discussed problem is modeled with the aid of
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the system of two heat conduction equations - for the
casting and for the mould, in the contact points of which
the boundary condition of the fourth kind with non-zero
thermal resistance is defined.

Application of this method for similar problem, but
with the perfect thermal contact between casting and
mould (no thermal resistance) is presented in paper [27].

Let us consider two regions D; (casting) and D,
(mould) (see Figure 1). On boundary of these domains
five components I;,i = 1,2, ..., 5, are distributed, where
the initial and boundary conditions are given (see Fig. 1).

Statement of the problem

I3 Ty Ts

I T,

=y

X7 0 X2

Fig. 1. Domain of the problem

In domains D; and D, the following heat conduction
equations are considered:

u% = Z—Ltt (x,t) (x,t) € D, 4)

» % = g—’t’ (x,t) (x,t) €D, ®)
with initial conditions on boundaries I; and I,:

u(x,0) = @y (x), x € [x1,0] (6)

v(x,0) = @, (x), x € [0,x,] ()
and Dirichlet’s conditions on boundaries I'; and I;:

u(xy, t) = Py (1), t€[0,¢9) (8)

v(xz, 1) =y, (1), t€[0,¢9) 9)

On common boundary T, the boundary conditions of
the fourth kind with the non-zero thermal resistance are
given:

" ou(x, t) _v(O,t)—u(O,t)_
Yoox x=0_ R - 10)
av(x,t
= —k, v ) , te[0,t7)
dx :
x=0
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where u and v denote the temperature, «,, and a,, are the
thermal diffusivity, k, and k, describe the thermal
conductivity, R denotes the thermal resistance and t and
x refer to the time and spatial location, respectively. We
shall seek the functions u(x, t) and v(x, t) determined in
domains D; and D,, respectively, satisfying the proper
heat conduction equations and the above specified
conditions.

For solving the problem described in previous section
we apply the variational iteration method. We will use
two approaches based on applying the correction
functionals in t-direction and in x-direction, respectively.

Solution of the Problem

Method 1. The correction functionals in t-direction for
equations (4) and (5) can be expressed as follows:

un+1(x' t) = un(x: t) +

t ou, (x, s) 0%, (x,5) (11)
v Al(s)< e )ds
V1 (X, t) = v, (x, t) +
(12)

v

+ft,12(s) (a””(x’ D _ o
0

9%% ,
Un(Jc S)) s
ds

dx?

where i, and ¥, denote the restricted variations and
A,and A, are the general Lagrange multipliers which can
be identified optimally by the variational theory. The
stationary conditions are given by:

A1) =0, (1+4(s))s=t=0 (13)
Va()=0, (1+2,() _, =0 (14)
so that:
L(s) =-1 (15)
A,(s) =-1 (16)
Hence, we obtain the following iteration formula:

un+1(x' t) = un(x: t) +

ft Oy (x,5) 0%uy, (x, 5) p (17)
0 ds Hu T g2 s

V1 (X, 1) = v (x, t) +

(18)

v

t(0v,(x,5)
o[ (e

As the initial approximations u,(x, t) and vy(x,t) we
choose the functions describing the initial conditions.

0%, (x, S)) s

J0x?

Method 2. In this approach we apply for equations (4)
and (5) the correction functionals in x-direction having
the formula:
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Un41 (X, 1) = up (%, 8) +

+f011(5) <02un(s,t)_i 1y (s, t)) s 19

ds? a, Ot

Vns1 (6, 1) = v (x, 0) +

[ (5001 e560),,
0

ds? a, Ot

(20)

where #, and 7, denote, as before, the restricted
variations and A, and A, are the general Lagrange
multipliers. From equations (19) and (20) the general
Lagrange multipliers can be identified as follows:

ML) =x—s (21)
A(s)=s—x (22)
Substituting obtained values of A, and A,into

Egs. (19) and (20) we receive the following iteration
formula:

Uper (0 1) = uy(x, t) +

0 0%u,(s,t) 1 du,(s,t) (23)
+fx(x—s)< 352w, ot )ds
vn+1(x! t) = Vn(x, t) +
(24)

X 2
+J’ -2 (6 v, (s, t) 1 v, (s, t)) ds
0

ds? a, Ot

Next, we choose the initial approximations in the
following form:

ug(x,t) = Ay, + Byx (25)

vo(x,t) = A, + Byx (26)
where A,,A,, B, and B, are parameters independent
from variable x. By employing condition (10) we
establish that parameters 4,, 4, B, and B, must comply
with the following relations:

A, — A, = —R kB, 27)

(28)

V. Examples

Theoretical considerations introduced in the previous
sections will be illustrated now with some examples.

Example 1. At first, we consider the example in which
we take:

H=-lxy=lay=sa, =1k =1k =2
andR =e™", ¢, (x) = e** + 2, p,(x) = e*, P, (t) =
et™2 + 2 and Y, (t) = et*?
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Starting with initial approximations in the form:

ug(x,t) =et~2+2
vo(x,t) = et*?

and using the first method (formulae (17) and (18)) we
can obtain the following results:

u(x,t) =2+ e?*(1+1t)
t2
uz(x.t)=2+e2x<1+t+3
R
us(x,t)=2+e2"(1+t+?+€>
2 t2 t3 ot
u,(x,t) = 2 +e** Ltt+o+oto

and:
vi(x,t) =e*(1+1t)
2

t
v,(x, t) =e"<1+t+?

2 43
) =e*(1+t+—=+—
vy(x,t) =e ( >t

2 t3 t4
=e*[1+t+—+—+—
v, 0) e( 2 7% 24)

In general we receive:

n
tk
— 2x _
u,(x,t) =2+e Zk!
k=0

n

tk

— X .
k=0

Therefore we get:

u(x, t) = lim u,(x,t) = 2 + e?**t (29)
n—-oo

v(x,t) = lim v,(x,t) = e** (30)
n—-oo

which are the exact solutions of discussed example.
Example 2. Now we consider the example in which
we set:

xx==lLx=1a,=1a,=1,k,=4,k,=3
andR = %e‘t, o, (x) = —ge'x + 6,
@y (x) = = (e — 7e™), 1, (t) = —2e**1 + 6 and

1
P, () = ﬁ(et+1 —7et" ) +2
Starting with initial approximations in the form:

3
uy(x, t) = —?e"‘ +6 (31)

volx, t) = 1—14(ex —7e ) +2 (32)
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and applying the first method we can obtain the
following results:

3 3t

u(x,t) =6+e7* (—7_7)

3 3t 3t ¢

3 3t 3t 3 t*

and:
() =2+e(~5-2)+er (g +0)
nint)=zamre 2 2)7¢\1a" 12

1t t?
vy(x,t) =2 +e"‘< ————— —) +

22 %
per( Lyttt
©“\12712" 28

G=2ter (-1 L D D),

Vst t)=2Te 272 2 12

pex(Lyt B, F
©\12712 " 28 " 84
1 t t* 3 tt
v, ) =2+ —c—o—————— L
+x1+t+t2+3+t4
©\12712 28 "84 ' 336

and in general:

3 = tk
Un(o D= 6-5e ) =
k=0
1 ko1 Dk
Un(x;t)=2—Ee x E+ﬁex F
k=0 k=0
Thus we have:
get—x
u(x,t) = lim u, (x,t) =6 — (33)
n—oo
t-x et+x 2
v ) = lim v, (e ) =2 - —— 4+ (39)

which are the exact solutions.

Example 3. In this example the assumed data are the
same as in Example 2, but unlike previously, for
determining the solution the second method will be used.

The initial approximations are given by the functions:
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3et 3et
Ay(t) =6— - B,(t) = -
3et 4et
A,(t) =2 - - B,(t) = =

Using the second method (formulae (23) and (24)) we
can obtain the results given below:

D) =64 et 3+3x 3x2+x3

MU =0T e\ T T T T 1a
3 3x 3x?

u(x,t) =6 +et 7 5 7x4 143-c5
14 56 280

uz(x,t) =6 +et " . A ;

T56 7280 1680 T 11760

and:

77 14 ' 21
3 4x 3x?

7 7 14
+2x3 x* N x>
21 56 210

3 4x 3x? 2x3
vl(x,t)=2+et<——+— + )

vy(x,t) =2+ et

3 4x 3x* 2x°

7t T Tt

x*  x° x® x7

~56 7210 1680 T 8820

vy(x,t) =2+ et

and in general:
n 2k+1 n

3 X x2k
un(x,) = 6 + e (; k+1)! ; (Zk)!>

x2k+1

4 n 3 n x2k
vn(x,t)=2+et<7;m‘?;m>

Hence, after some transformations the exact solutions
are derived:

3 ) 3et™>
ulx,t) =6+ 7et(smhx —coshx) =6— (3%)
4 3
v(x,t) =2 +et (—smhx - —coshx) =
7 7 (36)
et—x et+x
=ittty

V. Conclusion

In this paper we have described the application of
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variational iteration method for determining the
temperature in the heterogeneous casting-mould system,
on the contact surface of which the thermal resistance
appears. Advantage of this method is the fact that
discretization of considered region is not required, in
contrast with classical methods, like the finite difference
method or finite element method. In result of using the
variational iteration method we obtain the sequence of
approximations convergent to the exact solution if it
exists. In each considered example we succeeded in
finding the exact solution. In case when determining the
general form of functions u, and v, is not possible, one
can execute some number of iterations and obtain the
approximate solution in this way.
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