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Application of the Variational Iteration Method for Determining 
the Temperature in the Heterogeneous Casting-Mould System 

 
 

Edyta Hetmaniok, Konrad Kaczmarek, Damian Słota, Roman Wituła, Adam Zielonka 
 
 
Abstract – In this paper an application of the variational iteration method for determining the 
temperature in the heterogeneous casting-mould system is presented. Considered problem is 
modeled by means of the system of two heat conduction equations – for the casting and for the 
mould, on the contact surface of which the boundary condition of the fourth kind with non-zero 
thermal resistance is defined. An example illustrating the discussed application and confirming 
usefulness of this method in solving such kind of problems is also presented. Copyright © 2012 
Praise Worthy Prize S.r.l. - All rights reserved. 
 
Keywords: Heat Conduction, Casting-Mould System, Variational Iteration Method 
 
 

Nomenclature 
Roman symbols 
 ଵ Region of castingܦ
 ଶ Region of mouldܦ
݇௜ Thermal conductivity [W/mk] 
 Linear operator ܮ
ܰ Nonlinear operator 
ܴ Thermal resistance [m2k/W] 
 Time [s] ݐ
 ଵ [k]ܦ Temperature in region ݑ
෤ݑ  Restricted variation 
 ଶ [k]ܦ Temperature in region ݒ
 Spatial location [m] ݔ
  
Greek 
 ௜ Thermal diffusivity [m2/s]ߙ
 ௜ Components of boundary߁
 General Lagrange multiplier ߣ

I. Introduction 
The variational iteration method was developed by Ji-

Huan He [1]-[5]. By using this method we are able to 
solve the nonlinear equation: 

 
ሻ൯ݐሺݑ൫ܮ ൅ ܰሺݑሺݐሻሻ ൌ ݂ሺݐሻ (1)

 
where ܮ denotes the linear operator, ܰ is the nonlinear 
operator, ݂ refers to a known function and ݑ is a sought 
function. At first, we construct a correction functional of 
the form: 
 
ሻݐ௡ሺݑ ൌ ሻݐ௡ିଵሺݑ ൅ 

൅නߣሺݏሻ ቀܮ൫ݑ௡ିଵሺݏሻ൯ ൅ ܰ൫ݑ෤௡ିଵሺݏሻ൯ െ ݂ሺݏሻቁ ݏ݀
௧

଴

(2)

where ݑ෤௡ିଵ is a restricted variation, ߣሺݏሻ denotes 
a general Lagrange multiplier which can be identified 
optimally by the variational theory and ݑ଴ሺݏሻ is an initial 
approximation. Next, we determine the general Lagrange 
multiplier and identify it as a function of ߣ ൌ   .ሻݏሺߣ

Finally, we obtain the iteration formula 
 
ሻݐ௡ሺݑ ൌ ሻݐ௡ିଵሺݑ ൅ 

൅නߣሺݏሻ ቀܮ൫ݑ௡ିଵሺݏሻ൯ ൅ ܰ൫ݑ௡ିଵሺݏሻ൯ െ ݂ሺݏሻቁ ݏ݀
௧

଴

 (3)

 
from which an approximate solution (and frequently an 
exact solution as well) of Eq. (1) may be derived. 

Variational iteration method is a useful and efficient 
tool for solving a wide class of nonlinear operator 
equations. For example, there are available publications 
describing application of this method for investigating 
mathematical models appearing in biology [6] and 
astrophysics [7]. The use of discussed method to direct 
and inverse Stefan problems is considered in papers [8]-
[11]. In [12] the variational iteration method is applied 
for finding the solution of Laplace equation, in [13],[14] 
for solving the heat transfer equation and wave equation, 
in [15] for determining the solution of hyperbolic 
differential equations and in [16] for solving the systems 
of partial differential equations. Variational iteration 
method is also applied for finding the solution of 
fractional equation [17],[18] (for solving equations of 
that kind the heat-balance integral method is often used 
as well [19]-[21]). Convergence of the variational 
iteration method is discussed in papers [22]-[26]. 

In this paper and application of variational iteration 
method for determining the temperature distribution in 
the heterogeneous casting-mould system, on the contact 
surface of which the thermal resistance appears, is 
presented. Discussed problem is modeled with the aid of 
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the system of two heat conduction equations - for the 
casting and for the mould, in the contact points of which 
the boundary condition of the fourth kind with non-zero 
thermal resistance is defined. 

Application of this method for similar problem, but 
with the perfect thermal contact between casting and 
mould (no thermal resistance) is presented in paper [27]. 

II. Statement of the problem 
Let us consider two regions ܦଵ (casting) and ܦଶ 

(mould) (see Figure 1). On boundary of these domains 
five components Γ௜, ݅ ൌ 1, 2,… , 5, are distributed, where 
the initial and boundary conditions are given (see Fig. 1). 

 

 
 

Fig. 1. Domain of the problem 
 

In domains ܦଵ and ܦଶ the following heat conduction 
equations are considered: 

 

௨ߙ
߲ଶݑሺݔ, ሻݐ
ଶݔ߲ ൌ

ݑ߲
ݐ߲
ሺݔ, ሻݐ           ሺݔ, ሻݐ א ଵ (4)ܦ

 

௩ߙ
߲ଶݒሺݔ, ሻݐ
ଶݔ߲ ൌ

ݒ߲
ݐ߲
ሺݔ, ሻݐ           ሺݔ, ሻݐ א ଶ (5)ܦ

 
with initial conditions on boundaries Γଵ and Γଶ: 
 

,ݔሺݑ 0ሻ ൌ ߮௨ሺݔሻ,         ݔ        א ሾݔଵ, 0ሿ (6)
 

,ݔሺݒ 0ሻ ൌ ߮௩ሺݔሻ,         ݔ        א ሾ0, ଶሿ (7)ݔ
 
and Dirichlet’s conditions on boundaries ߁ଷ and ߁ହ: 
 

,ଵݔሺݑ ሻݐ ൌ ߰௨ሺݐሻ,        ݐ         א ሾ0, ሻ (8)כݐ
 

,ଶݔሺݒ ሻݐ ൌ ߰௩ሺݐሻ,         ݐ         א ሾ0, ሻ (9)כݐ
 

On common boundary Γସ the boundary conditions of 
the fourth kind with the non-zero thermal resistance are 
given: 
 

െ݇௨
,ݔሺݑ߲ ሻݐ
ݔ߲ ቤ

௫ୀ଴
ൌ
,ሺ0ݒ ሻݐ െ ,ሺ0ݑ ሻݐ

ܴ ൌ 

ൌ െ݇௩
,ݔሺݒ߲ ሻݐ
ݔ߲ ቤ

௫ୀ଴
, ,ሾ0߳ݐ     ሻכݐ

(10)

where ݑ and ݒ denote the temperature, ߙ௨ and ߙ௩ are the 
thermal diffusivity, ݇௨ and ݇௩ describe the thermal 
conductivity, ܴ denotes the thermal resistance and ݐ and 
 refer to the time and spatial location, respectively. We ݔ
shall seek the functions ݑሺݔ, ,ݔሺݒ ሻ andݐ  ሻ determined inݐ
domains ܦଵ and ܦଶ, respectively, satisfying the proper 
heat conduction equations and the above specified 
conditions. 

III. Solution of the Problem 
For solving the problem described in previous section 

we apply the variational iteration method. We will use 
two approaches based on applying the correction 
functionals in t-direction and in x-direction, respectively. 

 
Method 1. The correction functionals in t-direction for 

equations (4) and (5) can be expressed as follows: 
 
,ݔ௡ାଵሺݑ ሻݐ ൌ ,ݔ௡ሺݑ ሻݐ ൅  

൅න ሻݏଵሺߣ ቆ
,ݔ௡ሺݑ߲ ሻݏ

ݏ߲ െ ௨ߙ
߲ଶݑ෤௡ሺݔ, ሻݏ

ଶݔ߲ ቇ
௧

଴
(11) ݏ݀

 
,ݔ௡ାଵሺݒ ሻݐ ൌ ,ݔ௡ሺݒ ሻݐ ൅ 

൅න ሻݏଶሺߣ ቆ
,ݔ௡ሺݒ߲ ሻݏ

ݏ߲ െ ௩ߙ
߲ଶݒ෤௡ሺݔ, ሻݏ

ଶݔ߲ ቇ
௧

଴
(12) ݏ݀

 
where ݑ෤௡ and ݒ෤௡ denote the restricted variations and 
 ଶ are the general Lagrange multipliers which canߣ ଵandߣ
be identified optimally by the variational theory. The 
stationary conditions are given by: 
 

ሻݏᇱଵሺߣ ൌ 0, ሺ1 ൅ ሻሻ௦ୀ௧ݏଵሺߣ ൌ 0 (13)
 

ሻݏᇱଶሺߣ ൌ 0, ൫1 ൅ ሻ൯௦ୀ௧ݏଶሺߣ ൌ 0 (14)
 
so that: 

ሻݏଵሺߣ ൌ െ1 (15)
 

ሻݏଶሺߣ ൌ െ1   (16)
 

Hence, we obtain the following iteration formula: 
 
,ݔ௡ାଵሺݑ ሻݐ ൌ ,ݔ௡ሺݑ ሻݐ ൅ 

െන ቆ
,ݔ௡ሺݑ߲ ሻݏ

ݏ߲ െ ௨ߙ
߲ଶݑ௡ሺݔ, ሻݏ

ଶݔ߲ ቇ
௧

଴
(17) ݏ݀

 
,ݔ௡ାଵሺݒ ሻݐ ൌ ,ݔ௡ሺݒ ሻݐ ൅ 

െන ቆ
,ݔ௡ሺݒ߲ ሻݏ

ݏ߲ െ ௩ߙ
߲ଶݒ௡ሺݔ, ሻݏ

ଶݔ߲ ቇ
௧

଴
(18) ݏ݀

 
As the initial approximations ݑ଴ሺݔ, ,ݔ଴ሺݒ ሻ andݐ  ሻ weݐ

choose the functions describing the initial conditions. 
 
Method 2. In this approach we apply for equations (4) 

and (5) the correction functionals in ݔ-direction having 
the formula: 
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,ݔ௡ାଵሺݑ  ሻݐ ൌ ,ݔ௡ሺݑ ሻݐ ൅ 

൅න ሻݏଵሺߣ ቆ
߲ଶݑ௡ሺݏ, ሻݐ

ଶݏ߲ െ
1
௨ߙ
 
,ݏ෤௡ሺݑ߲ ሻݐ

ݐ߲ ቇ ݏ݀
଴

௫
 (19)

  
,ݔ௡ାଵሺݒ  ሻݐ ൌ ,ݔ௡ሺݒ ሻݐ ൅ 

൅න ሻݏଶሺߣ ቆ
߲ଶݒ௡ሺݏ, ሻݐ

ଶݏ߲ െ
1
௩ߙ
 
,ݏ෤௡ሺݒ߲ ሻݐ

ݐ߲ ቇ ݏ݀
௫

଴
 (20)

 
where ݑ෤௡  and ݒ෤௡ denote, as before, the restricted 
variations and ߣଵ and ߣଶ are the general Lagrange 
multipliers. From equations (19) and (20) the general 
Lagrange multipliers can be identified as follows: 
 

ሻݏଵሺߣ ൌ ݔ െ (21) ݏ
 

ሻݏଶሺߣ ൌ ݏ െ (22)   ݔ
 

Substituting obtained values of ߣଵ and ߣଶ into 
Eqs. (19) and (20) we receive the following iteration 
formula: 
 
,ݔ௡ାଵሺݑ ሻݐ ൌ ,ݔ௡ሺݑ ሻݐ ൅ 

൅න ሺݔ െ ሻݏ ቆ
߲ଶݑ௡ሺݏ, ሻݐ

ଶݏ߲ െ
1
௨ߙ

,ݏ௡ሺݑ߲ ሻݐ
ݐ߲ ቇ

଴

௫
(23) ݏ݀

  
,ݔ௡ାଵሺݒ ሻݐ ൌ ,ݔ௡ሺݒ ሻݐ ൅ 

൅න ሺݏ െ ሻݔ ቆ
߲ଶݒ௡ሺݏ, ሻݐ

ଶݏ߲ െ
1
௩ߙ
 
,ݏ௡ሺݒ߲ ሻݐ

ݐ߲ ቇ
௫

଴
(24) ݏ݀

 
Next, we choose the initial approximations in the 

following form: 
 

,ݔ଴ሺݑ ሻݐ ൌ ௨ܣ ൅ (25) ݔ௨ܤ
 

,ݔ଴ሺݒ ሻݐ ൌ ௩ܣ ൅ (26) ݔ௩ܤ
 
where ܣ௨, ,௩ܣ  ௩ are parameters independentܤ ௨ andܤ
from variable ݔ. By employing condition (10) we 
establish that parameters ܣ௨, ,௩ܣ  ௩ must complyܤ ௨ andܤ
with the following relations: 
 

௩ܣ െ ௨ܣ ൌ െܴ ݇௨ܤ௨ (27)
 

௩ܤ ൌ
݇௨
݇௩
௨ (28)ܤ

IV. Examples 
Theoretical considerations introduced in the previous 

sections will be illustrated now with some examples. 
 
Example 1. At first, we consider the example in which 

we take: 
 

ଵݔ ൌ െ1, ݔଶ ൌ ௨ߙ ,1 ൌ
ଵ
ସ
௩ߙ , ൌ 1, ݇௨ ൌ 1, ݇௩ ൌ 2 

and ܴ ൌ ݁ି௧, ߮௨ሺݔሻ ൌ ݁ଶ௫ ൅ 2, ߮௩ሺݔሻ ൌ ݁௫, ߰௨ሺݐሻ ൌ
݁௧ିଶ ൅ 2 and ߰௩ሺݐሻ ൌ ݁௧ାଵ 

 

Starting with initial approximations in the form: 
 

,ݔ଴ሺݑ ሻݐ ൌ ݁௧ିଶ ൅ 2 
,ݔ଴ሺݒ ሻݐ ൌ ݁௧ାଵ 

 
and using the first method (formulae (17) and (18)) we 
can obtain the following results: 
 

,ݔଵሺݑ ሻݐ ൌ 2 ൅ ݁ଶ௫ሺ1 ൅  ሻݐ

,ݔଶሺݑ ሻݐ ൌ 2 ൅ ݁ଶ௫ ቆ1 ൅ ݐ ൅
ଶݐ

2 ቇ 

,ݔଷሺݑ ሻݐ ൌ 2 ൅ ݁ଶ௫ ቆ1 ൅ ݐ ൅
ଶݐ

2 ൅
ଷݐ

6 ቇ 

,ݔସሺݑ ሻݐ ൌ 2 ൅ ݁ଶ௫ ቆ1 ൅ ݐ ൅
ଶݐ

2 ൅
ଷݐ

6 ൅
ସݐ

24ቇ 

 ڭ
and: 

,ݔଵሺݒ ሻݐ ൌ ݁௫ሺ1 ൅  ሻݐ

,ݔଶሺݒ ሻݐ ൌ ݁௫ ቆ1 ൅ ݐ ൅
ଶݐ

2 ቇ 

,ݔଷሺݒ ሻݐ ൌ ݁௫ ቆ1 ൅ ݐ ൅
ଶݐ

2 ൅
ଷݐ

6 ቇ 

,ݔସሺݒ ሻݐ ൌ ݁௫ ቆ1 ൅ ݐ ൅
ଶݐ

2 ൅
ଷݐ

6 ൅
ସݐ

24ቇ 

 ڭ
In general we receive: 

,ݔ௡ሺݑ ሻݐ ൌ 2 ൅ ݁ଶ௫෍
௞ݐ

݇!

௡

௞ୀ଴

 

,ݔ௡ሺݒ ሻݐ ൌ ݁௫෍
௞ݐ

݇!

௡

௞ୀ଴

 

 
Therefore we get: 

 
,ݔሺݑ ሻݐ ൌ lim

௡՜ஶ
,ݔ௡ሺݑ ሻݐ ൌ 2 ൅ ݁ଶ௫ା௧ (29)

  
,ݔሺݒ ሻݐ ൌ lim

௡՜ஶ
,ݔ௡ሺݒ ሻݐ ൌ ݁௫ା௧ (30)

 
which are the exact solutions of discussed example. 

Example 2. Now we consider the example in which 
we set: 
 

ଵݔ ൌ െ1, ݔଶ ൌ ௨ߙ ,1 ൌ ௩ߙ ,1 ൌ 1, ݇௨ ൌ 4, ݇௩ ൌ 3 
and ܴ ൌ ଻

ଷ
݁ି௧, ߮௨ሺݔሻ ൌ െ ଷ

଻
݁ି௫ ൅ 6, 

߮௩ሺݔሻ ൌ
ଵ
ଵସ
ሺ݁௫ െ 7݁ି௫ሻ, ߰௨ሺݐሻ ൌ െ ଷ

଻
݁௧ାଵ ൅ 6 and 

߰௩ሺݐሻ ൌ
1
14 ሺ݁

௧ାଵ െ 7݁௧ିଵሻ ൅ 2 
 
Starting with initial approximations in the form: 
 

,ݔ଴ሺݑ ሻݐ ൌ െ
3
7 ݁

ି௫ ൅ 6 (31)

 

,ݔ଴ሺݒ ሻݐ ൌ
1
14 ሺ݁

௫ െ 7݁ି௫ሻ ൅ 2 (32)
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and applying the first method we can obtain the 
following results: 
 

,ݔଵሺݑ ሻݐ ൌ 6 ൅ ݁ି௫ ൬െ
3
7 െ

ݐ3
7 ൰ 

,ݔଶሺݑ ሻݐ ൌ 6 ൅ ݁ି௫ ቆെ
3
7 െ

ݐ3
7 െ

ଶݐ3

14 ቇ 

,ݔଷሺݑ ሻݐ ൌ 6 ൅ ݁ି௫ ቆെ
3
7 െ

ݐ3
7 െ

ଶݐ3

14 െ
ଷݐ

14ቇ 

,ݔସሺݑ ሻݐ ൌ 6 ൅ ݁ି௫ ቆെ
3
7 െ

ݐ3
7 െ

ଶݐ3

14 െ
ଷݐ

14 െ
ସݐ

56ቇ 

 
 ڭ

and: 
 

,ݔଵሺݒ ሻݐ ൌ 2 ൅ ݁ି௫ ൬െ
1
2 െ

ݐ
2൰ ൅ ݁௫ ൬

1
14 ൅

ݐ
14൰ 

 

,ݔଶሺݒ ሻݐ ൌ 2 ൅ ݁ି௫ ቆെ
1
2 െ

ݐ
2 െ

ଶݐ

4 ቇ ൅ 

൅݁௫ ቆ
1
14 ൅

ݐ
14 ൅

ଶݐ

28ቇ 

 

,ݔଷሺݒ ሻݐ ൌ 2 ൅ ݁ି௫ ቆെ
1
2 െ

ݐ
2 െ

ଶݐ

4 െ
ଷݐ

12ቇ ൅ 

൅݁௫ ቆ
1
14 ൅

ݐ
14 ൅

ଶݐ

28 ൅
ଷݐ

84ቇ 

 

,ݔସሺݒ ሻݐ ൌ 2 ൅ ݁ି௫ ቆെ
1
2 െ

ݐ
2 െ

ଶݐ

4 െ
ଷݐ

12 െ
ସݐ

48ቇ ൅ 

൅݁௫ ቆ
1
14 ൅

ݐ
14 ൅

ଶݐ

28 ൅
ଷݐ

84 ൅
ସݐ

336ቇ 

 ڭ
and in general: 
 

,ݔ௡ሺݑ ሻݐ ൌ 6 െ
3
7 ݁

ି௫෍
௞ݐ

݇!

௡

௞ୀ଴

 

,ݔ௡ሺݒ ሻݐ ൌ 2 െ
1
2 ݁

ି௫෍
௞ݐ

݇! ൅
1
14 ݁

௫
௡

௞ୀ଴

෍
௞ݐ

݇!

௡

௞ୀ଴

 

 
Thus we have: 
 

,ݔሺݑ ሻݐ ൌ lim
௡՜ஶ

௡ݑ ሺݔ, ሻݐ ൌ 6 െ
3݁௧ି௫

7  (33)

  

,ݔሺݒ ሻݐ ൌ lim
௡՜ஶ

,ݔ௡ሺݒ ሻݐ ൌ 2 െ
݁௧ି௫

2 ൅
݁௧ା௫

14  (34)

 
which are the exact solutions. 
 

Example 3. In this example the assumed data are the 
same as in Example 2, but unlike previously, for 
determining the solution the second method will be used.  

The initial approximations are given by the functions: 

ሻݐ௨ሺܣ ൌ 6 െ
3݁௧

7 ሻݐ௨ሺܤ          , ൌ
3݁௧

7  

ሻݐ௩ሺܣ ൌ 2 െ
3݁௧

7 ሻݐ௩ሺܤ          , ൌ
4݁௧

7  
 

Using the second method (formulae (23) and (24)) we 
can obtain the results given below: 
 

,ݔଵሺݑ ሻݐ ൌ 6 ൅ ݁௧ ቆെ
3
7 ൅

ݔ3
7 െ

ଶݔ3

14 ൅
ଷݔ

14ቇ 

,ݔଶሺݑ ሻݐ ൌ 6 ൅ ݁௧

ۉ

ۇ
െ
3
7 ൅

ݔ3
7 െ

ଶݔ3

14 ൅

൅
ଷݔ

14 െ
ସݔ

56 ൅
ହݔ

ی280

 ۊ

,ݔଷሺݑ ሻݐ ൌ 6 ൅ ݁௧

ۉ

ۇ
െ
3
7 ൅

ݔ3
7 െ

ଶݔ3

14 ൅
ଷݔ

14 ൅

െ
ସݔ

56 ൅
ହݔ

280 െ
଺ݔ

1680 ൅
଻ݔ

ی11760

 ۊ

 ڭ
and: 
 

,ݔଵሺݒ ሻݐ ൌ 2 ൅ ݁௧ ቆെ
3
7 ൅

ݔ4
7 െ

ଶݔ3

14 ൅
ଷݔ2

21 ቇ 

,ݔଶሺݒ ሻݐ ൌ 2 ൅ ݁௧

ۉ

ۇ
െ
3
7 ൅

ݔ4
7 െ

ଶݔ3

14 ൅

൅
ଷݔ2

21 െ
ସݔ

56 ൅
ହݔ

ی210

 ۊ

 

,ݔଷሺݒ ሻݐ ൌ 2 ൅ ݁௧

ۉ

ۇ
െ
3
7 ൅

ݔ4
7 െ

ଶݔ3

14 ൅
ଷݔ2

21 ൅

െ
ସݔ

56 ൅
ହݔ

210 െ
଺ݔ

1680 ൅
଻ݔ

ی8820

 ۊ

 ڭ
 
and in general: 
 

,ݔ௡ሺݑ ሻݐ ൌ 6 ൅
3
7 ݁

௧ ൭෍
ଶ௞ାଵݔ

ሺ2݇ ൅ 1ሻ!

௡

௜ୀ଴

െ෍
ଶ௞ݔ

ሺ2݇ሻ!

௡

௜ୀ଴

൱ 

 

,ݔ௡ሺݒ ሻݐ ൌ 2 ൅ ݁௧ ൭
4
7෍

ଶ௞ାଵݔ

ሺ2݇ ൅ 1ሻ!

௡

௜ୀ଴

െ
3
7෍

ଶ௞ݔ

ሺ2݇ሻ!

௡

௜ୀ଴

൱ 

 
Hence, after some transformations the exact solutions 

are derived: 
 

,ݔሺݑ ሻݐ ൌ 6 ൅
3
7 ݁

௧ሺsinh ݔ െ cosh ሻݔ ൌ 6 െ
3݁௧ି௫

7  (35)
 

,ݔሺݒ ሻݐ ൌ 2 ൅ ݁௧ ൬
4
7 sinh ݔ െ

3
7 cosh ൰ݔ ൌ  

ൌ 2 െ
݁௧ି௫

2 ൅
݁௧ା௫

14  
(36)

V. Conclusion 
In this paper we have described the application of 
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variational iteration method for determining the 
temperature in the heterogeneous casting-mould system, 
on the contact surface of which the thermal resistance 
appears. Advantage of this method is the fact that 
discretization of considered region is not required, in 
contrast with classical methods, like the finite difference 
method or finite element method. In result of using the 
variational iteration method we obtain the sequence of 
approximations convergent to the exact solution if it 
exists. In each considered example we succeeded in 
finding the exact solution. In case when determining the 
general form of functions un and vn is not possible, one 
can execute some number of iterations and obtain the 
approximate solution in this way. 
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