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Transient Flow of a Generalized Second Grade Fluid
Due to a Constant Surface Shear Stress:
an Approximate Integral-Balance Solution

Jordan Hristov

Abstract - Integral balance solution to start-up problem of a second grade viscoelastic fluid
caused by a constant surface stress at the surface has been developed by an entire-domain
parabolic profile with an unspecified exponent. The closed form solution explicitly defines two

dimensionless similarity variables §:y/\/ﬁ and D0=;(2 :\/p/vtﬂ, responsible for the

viscous and the elastic responses of the fluid to the step jump at the boundary. Numerical
simulations demonstrating the effect of the various operating parameter and fluid properties on
the developed flow filed, as well comparison with the existing exact solutions have been
performed. Numerical test with variable exponent of the approximate profile have been performed
as a step improving the approximate solution. Copyright © 2011 Praise Worthy Prize S.r.l. - All

rights reserved.
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l. Introduction

Transient flows of viscoelastic fluids are intensively
modeled by analytical and numerical methods
[11.[21.[3],[4].[5],[6] with very few exact analytical
solutions obtained. The second grade fluid is the
common non-Newtonian viscoelastic fluid in industrial
fields, such as polymer solution [7], emulsions [8], crude
oils [9], extrusion masses [10],[11], blood flow [12],[13]
and magneto-hydrodynamic flows with heat and mass
transfer [2]. Fractional calculus allows incorporating
memory effects in the constitutive equations [14] by the
fractional order time Riemann-Liouville derivative. The
start-up flows of second grade generalized fluids have
been intensively studied toward development of exact
analytical solutions [4],[5],[15],[16] with Caputo
derivatives, applying mainly Laplace transforms and
consequent expressions by the generalized Mittag-Leffler
function.

This article develops an approximate integral balance
solution of a fractional generalized second fluid with a
special emphasis on simplicity and physical adequacy,
without significant loss of exactness and avoiding both
the use of the Caputo derivative and the Laplace
transforms.

Il.  Problem Statement
I1.1. Constitutive Relationships

Generally, the constitutive relationship of the second
grade fluids, that is thermodynamically compatible, is
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defined as [17], [18]:

T=-pl +y[gradv Jr(gradV)T J +

_Dtﬂ [gradv +(gradv)’ } +

+oy [gradVJr(gradV)T](gradV)Jr + "

Jr(gradv)T [gradv +(gradV)T J

+a, [gradv Jr(gradv)T T
#20,0420,04+a,=0

In (1) p is the density, 1 is the unit vector, while
ogand  «a,are the normal stress moduli [17]. The
coefficient o, [pyz/y]ﬂ) is the first normal stress
modulus. The Riemann- Liouville operator D/ denotes:

1 d
F(1-4)dtg(

t
f(
D/ = j dr 0<B<1l (2
0
a model of a general second grade fluid .With g =0and
oy =0we get a classical Newtonian liquid, while for

f=1 and DfA, —0A /ot  [17],  where
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A = gradVJr(gradV)T (see eq. (1)).
In 1-D form the constitutive equation for second grade

liquid is expressed as [19]:

e(t) = (1) + DY (1)

=T, =0, where T,

@)

= Tyx

11.2.  Start-Up Problem

Consider a semi-infinite space filled by a generalized
second grade viscoelastic fluid undergoing a transient
motion due to tangential shear stress o exerted on the
fluid at y=0 (parallel to the x axis). That is, the

velocity field is V =u(y,t), where y is the axis normal

to plate surface and uis the velocity component along
the x axis.
In this context, the stress tensor component relevant to

the present problem is T, =u— u oDF — A,
8}/
Dv
absence of body forces we have: pﬁ =V-T and
V-V =0,thatis [17]:
ou o o%u
P§=#F+Q1Dtﬁ—2 4)
with initial conditions:
u(y,0)=0,y>0 (5a)
t>0 (5b)
u—0, y—>w (5¢)
and a boundary condition:
ou(0,t ou(0,t
V(_)+ﬂ Dtﬁ (_) __c (6)
oy p oy p
y=0; t>0

I11. Integral Balance Solution

I11.1. Approximate Velocity Profile and
Penetration Depth

Following the integral balance methodology [20] the
velocity u(y,t)is approximated by a general parabolic

profile  u=by+b (1-y/5)"with an  unspecified
exponentn, satisfying the following boundary
conditions:
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u(0,t)=U, =y (7a)
u(s,t)=0 (7b)
ou
— =0 (7¢)
yl,_s
The profile can be expressed as:
Uy yY
A =11-= 8a
o) e
or:
y n
u, =U,|1-= 8b
a [ 5} (8)

Here b =U is a time-dependent surface velocity

defined by the boundary condition (6). The governing
equations eg. (5) can be expressed as [6]

ou

ou_ ot opdu
ot

? + th 2 (9)

were p:al/p[mz] or p=vi (A is the relaxation

time [21].
Integrating (9) from 0toS we get (see detailed
explanation of this technique in [22],[23],[24],[25]:

)
!%l:dy:jv—dy+f pD*”ay—dy (10a)

S ou
jgdy:—j dy - wd (10b)
0

A substitution of u,in (6) defines U, through the

equation:
v[—gus)+ pD/ (—%USJ - (11)
or
5 (o2 p 1 -B N
o :FZH?) -Are-5)' } o

At this point, ¢ is assumed as a constant, since the
problem is about the surface velocity. The equation about
o has to be defined through the integral balance (10a).
Further, we denote:
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U, =(6/n)(B/F) (12b)
B=o/u (12c)
F=1+(p/v)jt™” (12d)
ip=[a-B)ra-pJ" (12)

The group (6/n)(o/u) has a dimension [m/s] (see
also eqg. (18)). Taking into account the expression for
U, /8 =B/nF and U8 =8 (B/nF) we get from (10a)

(details are available elsewhere [6]) an equation
defining & , namely:

%(52§j—vn(n+l)§+
d(B (13)
—-n(n+1) pjﬂa(Etlﬂj:O
82 =(vt)n(n+1)+n(n+1)pjt 7 +C,  (14)

with C; =0, because §(t =0) =0, we get:

5=t n(n+1) /1+§jﬁt’ﬂ = [ixi;D, (15)

The Deborah number D, = p/vt? (15) in its general
definition is a ratio of two time scales
p/v=ty, = te\,/tﬁ = D, . Moreover, the process has two
characteristic length scales, namely:
e Iy =+/vt isthe length scale in the Newtonian case

o = Jwt? s the fractional length scale (see [6] and
[25]).

Therefore, the ratio p/vtﬂ is dimensionless and the

2
Deborah number D, =(\/B/\/vtﬁ) can be considered

as a similarity variable [6]. Further, the approximate
velocity profile will expressed as function of two

similarity variables [6]: & =y/</vt and ;(z\/E/\/vtﬂ ,
(7% =D,), defined through the characteristic length
scalesly and 1, respectively.

It is obvious that when(p/v)jst™” becomes

negligible (j,D, ~107° be
negligible), the flow becomes Newtonian and the

penetration depth reduces to & =+/vt2n(n+1) [6],
[26], [27].

could assumed as
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I11.2. Dimensionless Velocity Profile

Therefore, with the expression (15) of & the velocity
profile is:
(1_

where &=y/vt is the Boltzmann similarity variable,

n

1-¢& !

N L] 16
s F, (l+jﬁ;(2) FRﬂ

n

and:
(Ry =1+ is7%) )

Further, with & =vtF,R, and B =o/u, the surface
velocity ca be expressed as:

F
y7, nR,
Then the approximate profile becomes:
n
u=Ug|1- d (19)
F.Rs

In the Newtonian problem the exact solution is
u/Ug =1-erf (£/2) with 0<¢&<o. However, in the

integral-balance solution of the Newtonian problem, we
have 0 < £ < F,, while for the viscoelastic flow the range

is0<&<FR;. Moreover, from the terms of (12a),
(12b) Us =(8/n)(B/F). Then with

F =1+ pjyt™” we get F =(1+ Dojﬂ)=v(Rﬂ)2 (see eq.
(12a)).

The group a\/ﬁ/y in (18) has a dimension of
velocity [m/s]. The problem solved here, to some

we have

extent, is an analogue of the Newman problem in the
diffusion (heat or mass) where under imposed constant
surface flux, the surface temperature increases in time.
Moreover, the problem has no characteristic time and

length scales. The term vt [m]is like a length scale, as

in any other semi-infinite diffusion problems, while
o/ 1 [s] can be used as a time scale.

111.3. Approximate vs. Exact Solution: a
Preliminary Analysis

The exact solution of the problem has been developed
by Hayat et al. [17] and can be expressed as (A-2) (see
the Appendix):
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o

u(y,t):[
|

The terms &, and &, are commented in the
Appendix. In general @, represents the time variations
of the surface velocity U, while the flow field in the
fluid depth is depicted by ®,. Moreover, in the
Appendix some terms are re-arranged in order to express
the exact solution through the similarity variables
E= y/«/ﬁ and Z=\/B/ vt? | because it is hard the

original version [17] to be used for a physical analysis.
In contrast, the integral balance solution yields an entire
domain approximate profile allowing the physical effects
to be represented by separate terms through & and y |,

and the fractional-order correction factor j,. As to the

errors in solutions, the exact solution also can be
considered as an approximate one when the infinite sums
in ®; and @, are truncated in practical calculations.

vt
(Dl 1t11
ﬂ] (Bt pv)s

20
v (20a)
U

]cbz(y,ﬁ,t, p,v)

The common term (a\/ﬁ/y)in both the exact and

the approximate solutions only confirms the physical
adequacy of the approach developed here, while the
time-dependent and the flow-field terms differ and are
strongly affected by the approach to solve the problem.
At the free surface (y =0), for instance, we have:

u(0t) =(ovt/u) @ (Bt p.v) (20b)
and:
U, (0.t) =U, =(oit/u)(Fy/nRs)  (200)

The numerical experiments reported further in this
article will illustrate the differences in both solutions.

I11.4. Calibration of the Exponent

First we can consider the limiting case with D, =0,

which has been analyzed thoroughly in its heat-diffusion
version [22],[23],[28]. With calibration at y=0 [26],

we have n=1.675, while the minimization of the L,
norm in the domain 0<y<4¢ results in n=~2.35[28]
and n~1.507 applying a similarity transform of eq. (93)
at p=07[29].

The general approach in estimation of the optimal
exponent is to minimize the L, norm in the
domain0<y<¢,[6],[22],[25], namely:
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s 2 2, P
ou ou 50U .
E(y’t’ﬁ)z.(l; oo -pDf — | dy>min (21)
After integration in (21) we get
e (y.t.A) _en(y.t.p)
E(yt,p)= n = .
( ) (vt)3/2 53
Taking into account that the entire function

E(y.t,B)decays in time with a speed =5°, the
minimization refers to an optimal value of N minimizing
the functione, (y.t,8). Setting all time-dependent terms

(increasing in time only) of e, (y,t,ﬂ) equal to zero (see
[22], [24],[25] and [28] ), we get:

2 (n-1)

en(y,ﬂ,t:O)zv 5

—‘;Tpnz(n—l) (22a)

1

NCH

The result is just the same as that developed in [6].

Numerical experiments [6] with n=2 and n=3
provide Dy ~0.125 and D, =0.055, respectively. In
this context, the optimal Newtonian profile with
exponents we get: n~2.35 corresponds to D, ~0.100,
while that n~1.507 provides D, =~ 0.220. Therefore,
within the range defined by O(D,)~1, that is the
viscoelastic flow [21], the exponent of the parabolic
profile oscillates around n=2 as the value of D, varies.
Taking into account, the inverse time dependence of Dy,
it is reasonably to expect and increase in the value of the
exponent n ~tP2 (see (22b)).That is, the shorter
relaxation times (the larger observation times), the larger

exponents of the approximate profile and vice versa. For
n =2, for instance, we get:

nw % (22b)

2

u y
— ~|1- 23a
U, { 3.464\/5,/1+jﬁD0] (232)

2

u ¢

— sl (23b)
Us 3.464,/1+ j, 1

IVV. Numerical Experiments and Analyses
IV.1. Approximate vs. Exact Solution

A) Fixed exponent
Some numerical experiment was performed to
compare the developed approximated solution with the
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exact one [17] in case of affixed value of n=2. In fact,
the exact solution [17] never have been plotted, or at
least tested numerically, so far. The sums in (A-1) were
truncated to m,, =50 and K., =50. Then, the
solutions were performed by Maple 13. In general, both
the approximate and the exact solution almost match for
0<¢&<2 (see Figs. 1(a), (b)) and p/v ratios close to 1.
The plots are for £ =0.5 as a frequently used fractional
order in numerical experiments.

The tests with the exact solution with 0.1< £<0.5,
in fact below g ~0.4, are disappointing because the
exact solution becomes unstable. These results (not

shown here) focus on a new problem beyond the scope
of the present work.

1.0 — Exact
3 Approximate
08
_o0s |
g B
E 0.4 |- piv=10.8
i =0.5
0.2 | B
Ug-U, t=1
0 L L L ]
L 0.5 1 1.5 2
a &(-)
1.0 | = Exact Mmax~ 50, kmax =50
i Approximate n=2
0.8 |
— 06 | pfv=10.8
g - p=0.5
5 04
0.2 |
n L L L L L L 1
1 2 3 5 6 7

b)

Figs. 1. Numerical tests with the exact solution and the approximate one
with a fixed exponent

Besides, with increase in the range of variations of &
beyond & ~1.5, precisely with 2<£<7 the difference
between the exact and the approximate solutions
becomes enormous. Even with m_, =100 and
Knax =100 does not approach zero. This an inherent

problem of the integral balance solution for the classical
diffusion equations ( p=0) when a fixed exponents for
the entire domain is used [TS-2010], i.e. with the
increase in & the approximate solution goes faster to

zero than the exact one. This can be fixed, to some
extent, by a self-adaptive exponent varying with increase
in &. This problem will be commented further in this

work.

max
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At this moment, we refer to impossibility to express
the exact solution completely by the similarity variables
£and y because the time-dependent sums in both
®,and @, (see A-5 and A-6) cannot be converted

easily into dimensionless groups. Hence, there are
inherent problems, coming from the approaches used to
develop the solutions at issue, hindering the direct
comparison of the final results.

In the calculations demonstrated by the plots, the time
was chosen t =1. This means that the variations in & are
due to variations in the space co-ordinate y, at given
physical proprieties of the fluid, of course. Therefore, for
£ <15, i.e. at short distances from the surface, where

the shear is exerted, the approximate solution with a
fixed exponent provides adequate and acceptable results.

B) Variable exponent: some approximations
The variable exponent approach has been tested

successfully to classical parabolic equations [29]. Some
attempts based on empirical relationships n=n(&) and

to fractional-time subdiffusion equations ere reported in
[24]. The main idea comes from the estimates (22b) and
the fact that n~t# (see the earlier comments about egs.
22). From this point of view, with a fixed value of p/v,

as fractional time scale and with variations in time (i.e.
variations in &) we get from (22b):

e Large times
tT-&d
=(p/)tF = (1/( p/v)t’ﬂ) T=n? (242)
e Short times
td~&7T
(24b)

= (p/)t” 1= (Y(p/v)t”)d=n

Here, the symbols Tand | mean that the value
increase or decrease.
Therefore, with large a time, which is with small &

for a fixed y, the exponent should decrease in time, and

vice versa. However, this estimate is based only on the
analysis of the fractional correction R,. When at large

time R, »1 the Newtonian behaviour dominates, the

estimate established in [29] teaches that nshould
increase as & increases, behaviour just opposite to that

established above. From this point of view, the choice of
adequate exponent should be separated in two, namely:

a) short-time solutions with dominating visco-elastic
effects and approximate profiles and exponent
ncontrolled by a relationship based on the estimates
(24a),(24b).
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b) Large time solutions, with a Newtonian behaviour,
where n increases with the increase in & and can be

modeled as n(¢)=ny +k;Lambertw (&) [29],
wherek; ~0.5 and LambertW (&) is the Lambert

function.

In this context, the variable exponent can be suggested
as:

~n(¢) _[n0+kjLambertW(§)]
n(gll)_m_ 1+k (pj 1 (25)
o Jof

The value of n, come from the calibration of the
Newtonian profile at y=0 [29] and for the problem
solved here it is ny =~ 3.65 .

The numerical tests reveal some features of both the
approximate and the exact solutions, among them:

a) The best results were developed for (p/v)~0(1)

and 0.5< f<1. The weighting coefficients k, =0.5
and kj =0.5are the best chosen for the numerical

calculations. Plots are shown in Fig. 2.

b) The exact solution is quite sensitive with respect to
the number of terms in the time-dependent sums;
Worst results were obtained m,, =5 andk,, =5.

Increase in the number of the terms beyond
My =50 andk,,, =50 and best results does not
affect the solution. Numerical examples are shown in
Figs. 3 (see also Fig. 1(b) and Fig. 2)

c) The exact solution is very sensitive with respect to
the value of the fractional order § < 0.5. The best and
physically adequate results were obtained for
0.5< f#<1. The approximate solution does no show
instabilities. The illustrations of these effects are
shown in Fig. 4.

d) The exact solution is very sensitive with respect to
the ratio p/v . Large variations in p/v (beyond 1.25
and below 0.8) result in instable behaviour of the

exact solution while the approximate one is
insensitive. lllustrative plots are shown in Fig. 5.

1.0. ¢ = Exact Mmax =15, kmax = 18
-\\J_ Approximate
08 F | piv=0.8 Nng=3.65
- \ p=0.8 kj =0.5
0.6 \ t=1 =
- I k,=0.5
Y
3 s} \
=2
0.2 /
0 L L L L L L i
a) 1 2 3 4 5 6 7
E(-)

Fig. 2. The best matching solutions for (p/v)~O(1) and 0.5< <1

Copyright © 2011 Praise Worthy Prize S.r.l. - All rights reserved

807

1.0 [ —Exact Mmax=5, Kmax = 5
B Approximate ng = 3.65
0.8 kj =0.5
k, =05
06 [ h
‘g’ piv=0.8
5 0.4 p=0.8
[ t=1
0.2
0 L 1
a) 6 7
1.0 , —Exact Mmay=155 ; kmay = 155
i Approximate Ny = 3.65
0.8 k=05
k, =05
__ 06 [ b
*5;; piv=0.8
5 0.4 p=0.2
i t=1
0.2
0 L 1
b L 1 2 3 4 5 6 7

Figs. 3 Effect of the number of the terms in the sums of the exact
solution, i.e. effects of the truncations on the solutions. Additionally on
Fig. 3(b), it is seen the effect of fractional order £ . See also Fig. 4

10 N
| B=01 | e p1s
Mynay = 156
0.8
L Kmax = 156
06 ki= 0.5
o — Exact J
5 0.4 kb =05
=
phv= 0.8
0.2 | Approximate t=1
ng = 3.65
0 , " g j : ; ’

Fig. 4. Effect of fractional order < 0.5 on the exact solutions. The
calculation conditions are the same as those used for 5 >0.5

Exact
10 - p= 0.5 o Moy = 155
f t=1 —  Kpmayx = 155 _
0g | kj 0.5
B i kb =05
s} piv= 0.25
T;; - pivs 1.5
2 04
3
0.2 | ply=is piv=0.75

ng = 3.65

0 1 1 1 1 1 1 1

1 2 3 4 5 6 7

Fig. 5. Effect of the magnitude of the ratio p/v on the behavior of the
exact solution
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V. Conclusion

This is an attempt to apply a classical integral method
which is a moment method from weighted-residuals’
family with a weighting function equal to 1.

The approximate solution has well disguised terms
repressing the effects of both the Newtonian viscosity
and the visco-elasticity. The solution clearly indentifies
two similarity variables controlling fluid flow and
corresponding separately to these effects.

The entire domain approximation is simple but with
some restrictions imposed by the fixed exponent of the
parabolic profile and the short range (with respect to &)

approximation.

The minimization ofL, avoids some of these

drawbacks and yields an explicit result that the exponent
is time-dependent. This confirms the relationship
developed in [29] where similar problem with p=0is

developed. Moreover, combining the results from [29]
and the present estimate (22b), the concept of a variable
(self-adaptive) exponent (25) was conceived.

The developed approximate solution was compared to
the exact one [17], but many questions rose mainly
concerning the numerical simulations of the exact
solution.

Appendix

The exact solution developed by Hayat et al. [17] (represented by the variables used in the present work):

razem[ (e T

RN P S ST (EI Ty [ IS R TE) R
(A-1)
w[ y/p]ﬂ} F[ K+1 /2+m][ p/v J t—l—k/2+mﬁ'+kﬂ/2+(3+ﬂ)/2
X,(Z; SmiT[(k+1)/2]r[(k+1)/2]T[-k/2+mB+kB+(3+ B)/2]
From the point of view of the approximate solution developed (A-1) can be presented as:
u(y.t)= (Gl/l_Jq%(ﬂt pv)+ (Gf}bz(y,ﬁ,t,p,v) (A-2)
o T ]7/2+m p/v —l+m/5’+(3+/3)/
(o)== S ) J (A-3)
Jpts mir(y2)r[mp+(3+B)/2]
o (~y/\t) (vi/p)?
D,y (y.Bt.pv) L Z( )
pt k=
(A-4)

© I (k+1 /2+m][ p/v) } tLIk/2emBkp/2+(3+5)/2

SmiT[(k+1)/2]0[(k+1)/2]T[-k/2+mB+kB+(3+B)/2]

The term @, represents only the variations in the surface velocity U,

in time. The second term @, describes the

flow field in depth of the liquid. In this context, for y=0— @, =0. Furthermore, in ®, we have &= y/\/ﬁ and

(vt/p)—)]/f =1/D, =vtﬂ/p for p=1. Moreover:

and:

Copyright © 2011 Praise Worthy Prize S.r.I. - All rights reserved
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1 xﬁl(vt/p)k/z‘)o
IR

m=0

[_(p/VyJJmtAermﬁ+Mﬁb{%ﬁV2in @,

(A-6)

to decaying elastic effects (the fractional order term in the governing equation) represented in the

approximate solution by the term R, = J+ JpDo (see eq.(18) and eq.(19)).
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